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In this paper, the possibility to construct a path integral formalism by using the
Hubbard operators as field dynamical variables is investigated. By means of
arguments coming from the Faddeev—Jackiw symplectic Lagrangian formalism
as well as from the Hamiltonian Dirac method, it can be shown that it is not
possible to define a classical dynamics consistent with the full algebra of the
Hubbard X-operators. Moreover, from the Faddeev—Jackiw symplectic algorithm,
and in order to satisfy the Hubbard X-operators commutation rules, it is possible
to determine the number of constraints that must be included in a classical
dynamical model. Following this approach, it is clear how the constraint conditions
that must be introduced in the classical Lagrangian formulation are weaker than
the constraint conditions imposed by the full Hubbard operators algebra. The
consequence of this fact is analyzed in the context of the path integral formalism.
Finally, in the framework of the perturbative theory, the diagrammatic and the
Feynman rules of the model are discussed.

1. INTRODUCTION

The Hubbard X-operators'” are suitable to give a powerful framework
in which the elementary excitations in solids can be explained. The use of
X-operators is also relevant when electronic correlations are taken into
account. This is the scenery in which high-T. superconductivity occurs, and
so the main reason why the Hubbard operator algebra is so interesting at the
present time.

The algebra of the Hubbard X-operators is completely defined by:

(a) The commutation rules

(X, X70) = §,(8PY X — 5*0XTP) (1.1)
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(b) The completeness condition
Xft+ X7 =1 (1.2)
(c) The multiplication rules for a given site
XB X8 = §Pr x» (1.3)

From now on and for simplicity we consider the case in which the
indices a, B can only take the values + and —, and so the Hubbard X-
operators are boson-like operators of the SU(2) algebra. The spin s = 1/2 is
naturally contained in this case.

It is easy to show that equations (1.3) are not all independent, and so
the full information contained in the algebra can be recovered from equations
(1.1) and (1.2), and the following three independent equations:

X tXtt—-xt=0 (1.4a)
XTTX T —-Xt"=0 (1.4b)
XTTxtt—xtt=o0 (1.4¢)

Consequently, the full algebra given by equations (1.1)—(1.3) is equiva-
lent to the commutation rules (1.1), the completeness condition (1.2), and
the three conditions (1.4).

A many-body theory constructed by using the Hubbard operators as
field variables requires the application of techniques used in quantum field
theories. From this point of view it is necessary to formulate the Wick theorem
for the case in which the field operators are neither usual fermions nor bosons.
Progress in this direction has been made,” but the problem is still open.

As in quantum field theories, another way to attack the problem is via
the path integral formulation. It is important to note that a suitable path
integral formulation must be independent of a given representation. On the
other hand, it must be written in terms of an effective action with a well-
defined dynamics. This last point of view will be adopted in the present paper.

The paper is organized as follows. In Sections 2 and 3 by using the
Faddeev—Jackiw (FJ) Lagrangian method,”’ a general treatment for first-
order Lagrangian systems containing the Hubbard operators as dynamical
variables is given. A family of Lagrangians describing these dynamical sys-
tems is found. The use of these classical Lagrangians in a path integral
quantization formalism is also analyzed. Strong arguments can be given
showing that it is not possible to include the full Hubbard algebra (1.1)—(1.3)
in a classical dynamical model. In Section 4 we confront our results with
others previously given in the literature. In Section 5 the diagrammatic and
the Feynman rules for the model are constructed. Finally, conclusions and
discussions are given in Section 6.
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2. CLASSICAL LAGRANGIAN AND DYNAMICAL MODEL

One of the traditional approaches to studying the quantization of spin
systems or the t-J model in which the Hubbard operator algebra takes place
is to consider the constrained systems from the point of view of coherent
state phase path integration. Also frequently used is the usual Dirac Hamilto-
nian method for constrained systems by considering the slave boson or
fermion representation.

By writing a family of first-order classical Lagrangians directly in terms
of the four Hubbard operators, our main purpose is to obtain information
about the kind and the number of constraints present in these models. In this
way it is possible to find how much of the information contained in the
algebra (1.1)—(1.3) can be introduced at the classical level. This approach
requires the introduction of a suitable set of constraints, ¢ priori unknown,
that must be determined later on. To this purpose it is useful to use the FJ
Lagrangian method.® ® Therefore, we briefly indroduce some definitions
and key equations.

As is well known, the FJ symplectic quantization method is formulated
on actions only containing first-order time derivatives. The most general first-
order Lagrangian is specified in terms of two arbitrary functionals K,(u)
and V®(p), and is given by

Lipa, p) = p'Ka(n®) = VO(p) 2.1)

The functionals K4(u*) are the components of the canonical one-form
K(n) = K4(n)dp?, and the functional V@(p) is the symplectic potential.
The general compound index A runs over the different ranges of the complete
set of variables that defines the extended configuration space.

The Euler—Lagrange equations of motion obtained from (2.1) are

., OV©
; Mapp® — o =0 (2.2)

The elements of the symplectic matrix M 5(pL) are the components of
the symplectic two-form M(u) = dK(p). The exterior derivative of the canoni-
cal one-form K() is written as the generalized curl constructed with partial
derivatives and so the components are given by

0K 0K
My = af - aﬁ (2.3)

When the symplectic matrix Mg is nonsingular, we obtain from the
equations of motion (2.2)
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ou®
As the symplectic potential is just the Hamiltonian of the system, equa-
tion (2.4) is written

W= (M) (2.4)

. 8V(0)
A — 1,4 — A4 B
ue = [u V] = [uh, po ou’ (2.5)

where
[w?, u = ™! (2.6)

are the generalized brackets defined in the FJ symplectic formalism.

It is easy to show that the elements (M?%)~' of the inverse of the
symplectic matrix M4p correspond to the Dirac brackets'” of the theory.

Transition to the quantum theory is realized as usual by replacing classi-
cal fields by quantum field operators acting on the Hilbert space, where
quantum ordering and proper boundary conditions for the quantum field
operators must be taken into account. Therefore, the predictions of the FJ
and Dirac methods are equivalent.

When the matrix M*? is singular, the constraints appear as algebraic
relations and they are necessary to maintain the consistency of the field
equations of motion. In such a case, there exist m (m < n) left (or right)

zeromodes v, (a = 1,...,m, A= 1, ..., n) of the supermatrix M 5, where
each v, is a column vector with n + m entries v;. So the zero modes satisfy
; vaMup = 0 2.7)

From the equations of motion (2.2) we see that the quantities (), are the
true constraints in the FJ symplectic formalism, and they are given by

Q= vi’FV(O) =0 (2.8)

Consequently, in a first iteration the constraints are written in the sym-
plectic part of the Lagrangian by means of Lagrange multipliers as follows:

IV = @la;(p) + EQ, — VD (2.9)

where the new symplectic potential is by definition V" = V(O)‘on. The
partition p* = (¢', &) and K4 = (a;, Q,) has been made. So, the compound
indices 4, B run over the sets A = (i, a) and B = (J, b).

In each iterative procedure the configuration space is enlarged and the
symplectic matrix is modified. When no new constraints are found the iterative
procedure is finished.
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Now we apply the FJ quantization formalism to a dynamical model for
the Hubbard operators.

As is well known, in all the examples in which the field variables are
the components of the spin operators, the starting point is to consider first-
order Lagrangians. This also happens in the t-J model when it is written in
slave boson or fermion representation.®) The FJ quantization algorithm is
suitable to study this kind of dynamical system described by constrained
first-order Lagrangians in which the constraints play a crucial role.

Therefore, in the case under consideration we assume that the first-
order classical Lagrangian as functional of the Hubbard operators is written
as follows:

L = aup(X)X*® — H(X) — LQ° (2.10)

where H(X) is, for instance, the Hamiltonian of the Heisenberg model written
in terms of the Hubbard operators. The site indices were dropped since they
are irrelevant in the analysis we will develop. The site indices can be included
without any difficulty.

In equation (2.10) A, is an adequate set of Lagrange multipliers which
allows the introduction of the constraints in the Lagrangian formalism. Q“(X)
is a set of suitable unknown constraints, initially considered ad hoc in the
Lagrangian. Both the constraints “(X) as well as the range of the index a
must be determined by consistency. The coefficients aap(X) = afa(X) are
found in such a way that the algebra (1.1)—(1.3) for the Hubbard operators
must be satisfied.

Looking at equation (2.10), we see that the initial set of dynamical
symplectic variables is defined by (X, A,) and the symplectic potential V
is given by

VO = 1) + 10° (2.11)

So, the symplectic matrix (2.3) obtained from the Lagrangian (2.10) is
singular; therefore the constraints are obtained by using equation (2.8) and
they read

oV
=0 2.12
6)\/” ( )
and the first-iterated Lagrangian reads
LY = aup(X)X*P + £,Q° — H(X) (2.13)

The modified symplectic matrix associated to the Lagrangian (2.13) is
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Oays _ Odgp o0,
ox*B  oxr  oxeb
0Q,

-~ ox”®

Mg = (2.14)

0

with the indices 4 = {(ap), a}, B = {(Yd), b}.

At this stage the problem is to determine which and how many constraints
can be deduced from the algorithm of the method in such a way as to obtain
a nonsingular symplectic matrix.

In this way, from the Lagrangian (2.13) the symplectic matric (2.14) is
constructed and its inverse can be computed. By equating each of the elements
(M*B)™! of the inverse of the symplectic matrix Mup to each one of the
commutation rules (1.1), differential equations on the coefficients aqp(X) and
on the constraints (¢ are obtained.

As can be seen, the dimension of the symplectic matrix (2.14) is 4 +
a, where a enumerates the constraints. Because of the antisymmetric property
of M,p the index a has even range. From the properties of this matrix we
can conclude:

(1) If @ > 4 or odd, the symplectic matrix is singular.

(i1) For a = 4 the symplectic matrix can be invertible, but it is not
possible to obtain the commutation rules (1.1). The commutators obtained
by using equation (2.6) vanish, independently of the value of the coefficients
aop(X). On the other hand, when the number of constraints equals the number
of fields there is no dynamics. So it is not possible by means of Lagrange
multipliers to enforce the constraint (1.2) together with the other three condi-
tions (1.4).

Consequently, we cannot introduce in a classical first-order Lagrangian
the complete information contained in the algebra (1.1)—(1.3).

Then, the unique possibility is to have only two constraints. Equation
(1.2) or the completeness condition must be imposed to account for their
physical meaning. This avoids at the quantum level the configuration with
doubly occupied sites. The remaining constraint cannot be any of those given
in (1.4), because the commutators (1.1) cannot be recovered. Therefore,
we can expect that the remaining constraint can be provided naturally by
consistency, when the symplectic method is used.

Consequently, we assume an arbitrary constraint Q = Q (X", X, u),
where u = X*" — X~ . This assumption is not a restriction because, by the
completeness condition, the sum (X" + X 7) is equal to one. From the
requirement that the matrix elements of the inverse of the symplectic matrix
(2.14) must be equal to each of the Hubbard commutation rules (1.1), and
by solving the differential equation on this constraint the solution, we find
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Q=x"x*"+1u>-B=0 (2.15)

where B is an arbitrary constant.

We emphasize that the constraint (2.15) is not an imposition but appears
naturally from our method. This is the unique possible constraint in order to
satisfy the commutation rules and the completeness condition. Of course in
equation (2.15) there is less dynamical information than that contained in
the three equations (1.4).

We will discuss this point in relation to the fact that the path integral
for this kind of field represents the system in some limit of the operatorial
approach.

3. DETERMINATION OF THE LAGRANGIAN COEFFICIENTS

The next step is to determine the functions aqg(X) written in the Lagran-
gian (2.13). The two constraints {}, we must consider are given in equations
(1.2) and (2.15). Once the symplectic matrix (2.14) is constructed, its inverse
can be computed. Taking into account the equation (2.6) and the commutation
rules (1.1), by consistency we find the following differential equation:

day—  _da, e | Gar  _day 4
Ou ox*~ X 2 Ou ox *
Oa— Oa4—
Ff_ —~ (,)X—L w=i (3.1)
where a, = y(a*T —a 7).

We assume that the coefficients a+—, a—+, and a, can be written as
products of arbitrary functions of the u variable by polynomials in the X"~
and X~ variables. For simplicity we look for a particular family of solutions
by taking first-order polynomials in the X"~ and X~ variables, i.e.,

as— = f(we + bXT™ + X1 (3.2a)
a-+ = a¥- = f*(we* + c*X* + b*X ] (3.2b)
aw = h(wp + gX*~ + rX ™" (3.2¢)

where the constant coefficients p, ¢, r, ¢, b, and ¢ are arbitrary.
Once the expressions (3.2) are introduced in equation (3.1), we find by
straightforward computation

ph(u) = (ph(u))* (3.3a)
qh(u) = (rh(u))* (3.3b)
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qgh(u) = e jl;f (3.3¢)
of(u) — *f*(u) = 2i Im of = 2i ﬁ (3.3d)

with the conditions » = 0, and o an arbitrary integration constant.
Consequently, the equations (3.2) for the Lagrangian coefficients and
(3.3) determine a family of Lagrangians compatible with the commutation
rules (1.1), the completeness condition (1.2), and the constraint (2.15).
Not losing generality, in equations (3.2b) and (3.3d) we can choose ¢ =
i, finding the function f(u)

u+ o

Sw) = 4B — 2

and so two different families of solutions are obtained:
(1) If e = 0, the solution reads

. uto
a+— =1 4B — 2 x (3.4a)
.ut o _
a—4+ = —i 4B — 2 Xt (3.4b)
1
a, = ) (a++ —a--) = h(u) (3.4¢)

where i(u) is an arbitrary real function which also can be taken equal to zero.
(ii) If e # 0, the solution reads

T e (3.50)
+ -

= ) (3.5b)

a = % (ar+ —a—) =h@ [+ X7+ X7 (350

where in this second case /(u) satisfies equation (3.3c).

The two different families of solutions (3.4) and (3.5) take into account
the majority of the significant cases.

Finally, we make the following linear transformation to real variables
(S1, 82, S3),
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X =84S, (3.62)
X T =5 —-iS (3.6b)
Xttt —XxTT =25 (3.6¢)

and define the vectors a = (as,, as,, as;), VY = (Os,, Os,, Os3), and S = (S|,
S2, S3), where

as, = a+- + a—+ (3.7a)
as, = i(lay+- —a-+) (3.7b)
as; = d++ — a—— (3.7¢)

Thus we can write equation (3.1) in the following simpler way:
(VXa)yS=1 (3.8)

The form of the differential equation (3.8) is equal to that obtained in
refs. 9 and 10. Then, the fact that the kinetic term can be written as a function
of a vector field a which satisfies equation (3.8) is recovered. Note that
equation (3.8) is a good definition for a curl on an S? manifold. Then, equation
(3.8) together with (2.15) written in terms of the new variables Sj, S», and
S allows us to write the kinetic term in the Lagrangian as the area of a
sphere with radius B'. This is the principal argument for saying that 3"
must be integer or half-integer. For a complete discussion about this argument
see refs. 9 and 10.

4. A SIMPLE CASE AND ITS RELATION TO PREVIOUS WORK

From Section 3 we can assert that a large family of Lagrangian exists
any one of which can be considered as a good candidate for describing the
dynamics contained in the commutation rules of the X-operators. The aim
of this section is to discuss some important points by using explicitly one of
the possible Lagrangians found in the previous section. Thus, by taking a++
= g__ = 0 in equation (3.4c) and calling & = —2s and B = s, we can
write the Lagrangian (2.10) as

L[ XX - xTxT
X, == _ — HX 4.1
L(x, %) Z(H%(XH_X) (X) (4.1)
with the two constraints
_ 1 __
Xt x +Z(X++ —X )Y =4 (4.2a)

X"+ x =1 (4.2b)
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Equations (4.1) and (4.2) describe the classical dynamics of a system
in which the commutation rules (1.1) are satisfied.

We note that the same result also can be found by using the Dirac theory
for constrained systems.” From this approach it is easy to show that the
constraints given in equations (4.2) together with the constraints coming from
the definition of the momentum of the X variables is a set of second-class
constraints. The Dirac brackets associated to this set of constraints are exactly
the correct commutation rules for the Hubbard operators.

Now we are able to write the following partition function by using the
Faddeev—Senjanovic path integral approach'":

zZ= J DX§| xT x +i(}(++ —X )Y =S+ x -1
Xexpi | dt L(X, X) (4.3)

where L(X, X) is given by (4.1).
By integrating in the X~ ~ variable we obtain the following expression
for the partition function Z:

_ _ |
Z=JDX+DX+ Dx*tt 8| x*t X++Z(2X++—1)2

X exp iJ dr L'V (X, X) (4.4)
where
. . X+—X—+ _ X—+X+—
LV, %) = —+ — H(X 45
Making in equation (4.5) the change of variables
X+ x
S\ =" (4.6a)
2
X+— _ X—+
S =" (4.6b)
2i
S3 = % QX -1 (4.6¢)

we can write the functional integral (4.4) as
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zZ= J DS 8(ST + S5+ 83 — s exp i J dr L?(S, S) 4.7)

where

1, ) = 2=35 _ g (4.8)
s + S3
where the constant Jacobian of the transformation (4.6) was absorbed in the
functional integral measure. Therefore, equation (4.7) for the partition func-
tion agrees with the expression (3.17) of ref. 12, obtained by means of
different arguments.
Now, it is easy to show that this expression is consistent with the
quantization of a spin system in the limit of large 5. Applying again the Dirac
theory, but now to the Lagrangian (4.8) with the constraints

ISP = ¢ (4.9)

we find that the second-class nature of the constraint defining the Dirac
brackets is again exactly the commutation rules (1.1) for the spin components.
It is interesting to note that in the quantization procedure, the second-class
constraint (4.9) must be considered as a strong equation among operators.
Then

S§? = (4.10)

From the comment given at the end of Section 3 it is known that the
number s must be integer or half-integer. Consequently, it is not possible to
write s> as s’ (s' + 1) with s’ integer or half-integer in the equation (4.10).

This is an important reason that in the path integral formalism for the
spin systems, the information of the large-s approximation is contained from
the beginning. This fact is connected with our results making impossible the
inclusion of the full X-operator algebra in a classical Lagrangian formalism,
or equivalently in a path integral formulation.

5. DIAGRAMMATIC AND FEYNMAN RULES

Now, in order to obtain the diagrammatic and the Feynman rules for
the model we analyze the perturbative treatment. The starting point is the
following partition function:

o IR |
Z=JDX+ DX+Du8(X+X++Zu2—B)

X expijdt L(X, X) (5.1
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where the integration on the (X* + X~ 7) variable has been made by using
the function (X** + X~ — 1).
Consequently, the Lagrangian I(X, X) can be written

L=ar- X" +a-sX "4+ au—HX"",X ", u (5.2)

Taking into account equations (3.4) for the coefficients, we consider the
perturbative development for large value of the parameter 3. Therefore the
nonpolynomial Lagrangian (5.2), up to first order in ', reads

oL

= XX - XX+ au

L(X, X
+ i wWXTTXTT - XTTX ) — HX) (5.3)

In equation (5.3), we consider for the Hamiltonian H(X) the Heisenberg
ferromagnetic form:

HX) = —%I(A”_ X"+ xtxt+ é uu) (5.4)

where J > 0.
By using in the path integral (5.1) the Gaussian representation

1 1
O(x) = lim exp| —— x°
( ) -0 7T \E P (e
for the delta function, we can write the partition function in terms of an
effective Lagrangian as follows:

T
zZ= J DV exp iJ dr " (V) (5.5)

0

In equation (5.5), the effective Lagrangian L'(V/) is written in terms of
an extended complex vector field J whose components are given by

V=TT X
and it can be partitioned as follows:
LT =190 + 1) + D) (5.6)

As is usual the quadratic part L@ ()) of the effective Lagrangian defines
the free propagator of the model, and the remaining parts L®'(V) and LY(V)
represent the interaction vertices, i.e., the three- and four-leg vertices of the
model, respectively. So, from equation (5.5) it can be seen that the quantum
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problem remains defined in terms of a path integral which contains the three
independent fields X", X~ *, and u.
In equation (5.6) the quadratic part L?(V) is given by

L2y = % VDopV? (5.7)
where
o li
0 o+ =+ 0
4 I
e ﬁ +J 0 0
Dop = 4B t (5.8)
0 0 ao, + B + 4
26 2

The simplest case in which @, = h(u) = au (where « is an arbitrary
constant) was considered when the matrix (5.8) was computed.

The matrix Dyp is Hermitian and nondegenerate, and so the propagador
(Dop) ! in the [¢, ®] space can be evaluated and we find

(Dop)” (e, ®")
0 4B
a(w + 4p*ac — (4p/a)J,)
- A 0 0 '
o(— o + 4BYac — (4BlayJ,) (o o)
0 0 1

iaw + B/26 — J,

(5.9)

We note that J, is the Fourier transform of J;; = J only if 7, j are nearest
neighbor sites.
The three- and four-leg vertices are respectively given by the parts

IOW) = jxaByV“VﬁW (5.10)

1
1YWy = m hapysVVPVTYVP (5.11)
where

Aapy =~ (@ — @) (—0 + & + &)O(—q + q' + ¢"),

B
aFPRFy (5.12)
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3 " ’ ” "
Aapys = —;8((0+(0’+(o”+(o ¥W(g +q + ¢+ q"),
a=p=y=056=3 (5.13)
1
Aapys = —; (—o+ o +& +0"(—qg+q +q" +qg"),

a=1, B=2, y=06=3
and all the permutations (5.14)

4 "7 ’ " VG
Aapys = —;5(—(04— o =" +0(—qg+q —q" +q¢"),

a=1, Bp=2 y=1
and all the permutations (5.15)

From the above results we can see that for o = — 2 \Z; = — 2s and
by choosing for the parameter & the value 6 = B/Jz, where z is the number
of nearest neighbor sites, we obtain for the matrix element

2s

-1 — +- JO@)y="""=
(D12) (IX,; (@)Xy™ ()] o — 2sz(J — Jy)

3o — ®")(qg — q')
(5.16)

The above equation gives precisely the magnon propagator of the usual spin-
wave theory.

From (5.9), it can be seen that the longitudinal mode (7 u u]) has a pole
on the imaginary axis. This nonphysical mode is related to the fact that there
is no longitudinal dynamics in the lowest order of the spin-wave theory of
the Heisenberg ferromagnetism. So, without losing physical information, we
can also take a, = 0.

By computing the propagator and vertices for the solution (3.5) at the
same perturbative order, it is easy to show that the same results are obtained.
In particular the free propagator takes the form (5.8) with a = 0.

In work under preparation, we will apply our perturbative approach to
the renormalization and dumping of magnon energies.

6. CONCLUSIONS AND DISCUSSIONS

This paper has offered a new discussion of the path integral formalism
for dynamical systems written in terms of Hubbard operators.
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If it could have been possible, this path integral would have contained
the full algebra (1.1)—(1.3) for the X-operators. Using the Faddeev—Jackiw
symplectic formalism we showed that this proposal is not possible, and in
order to satisfy the commutation rules (1.1) we cannot include the complete
information contained in the X-operator algebra (1.1)—(1.3).

By consistency of the formalism and in order to satisfy the Hubbard
commutation rules we found the number of constraint conditions. From our
point of view and in a totally independent way we arrived at a path integral
which is consistent with those obtained by means of the coherent states
method.

We also showed that this path integral for the spin system case is valid
in the large-spin-s limit. Then, we found that this limit is closely related to
the impossibility of including the full algebra of the Hubbard X-operators in
a classical dynamics.

On the basis of our path integral formulation we presented the diagram-
matic and the Feynman rules for perturbation theory. We showed that our
free theory is consistent with the results provided by the lowest order of the
spin-wave theory.

Finally, we emphasize that from our approach a large family of kinetic
terms of effective Lagrangians can be found, some of which can be related
to previous Lagrangians obtained by different methods.

ACKNOWLEDGEMENTS

We acknowledge A. Dobry for many useful discussions. A.G. acknowl-
edges parcial support on this project from the Fundacion Antorchas.

REFERENCES

1. J. Hubbard, Proc. R Soc. 276, 238 (1963); 277, 237 (1964); 284, 40 (1964).

. A. Izyumov and N. Skryabin, Statistical Mechanics of Magnetically Ordered Systems,
Consultants Bureau, New York, (1988).

. L. Faddeev and R. Jackiw, Phys. Rev. Lett. 60, 1692 (1988).

. J. Barcelos-Neto and C. Wotzasek, Int. J. Mod. Phys. A7, 4981 (1992).

. H. Montani and C. Wotzasek, Mod. Phys. Lett. A, 8, 3387 (1993).

. A. Foussats and O. S. Zandron, J. Phys. 4 30, L513 (1997).

. P. A. M. Dirac, Lectures on Quantum Mechanics, Yeshiva University Press; New York
(1964).

8. J. C. Le Guillou and E. Ragoucy, Phys. Rev. B 52, 2403 (1995).

9. E.Fradkin, Field Theories of Condensed Matter Systems, Addison-Wesley, Reading, Massa-

chusetts (1991).

10. A. Auerbach, Interacting Electrons and Quantum Magnetism, Springer, Berlin (1994).

11. P. Senjanovich, Ann. Phys. (NY) 100, 227 (1976).

12. A. Jevicki and N. Papanicolau, Ann. Phys. (NY) 120, 107 (1979).

o

~N N LW



